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curvature effects predominate. Aposteriori evaluation of the
other two assumptions will provide an estimation of their
importance.

In addition, the shock shape must be known. For sphere-
cones, the shock correlation of Ref. 3 is

COS0C
= 1.424

10.46

j (8)

which is faired into the conical shock angle given by the corre-
lation

sin#C8 = 1.01 sin0c + (0.536/JlfJ

The tangent point is

y
cos0c tan20C8

(9)

(10)

To apply the method, the properties immediately behind the
shock are determined for several values of y up to the straight
portion of the shock. Expanding these conditions isentropi-
cally to the assumed constant sphere-cone pressure, the bound-
ary-layer edge parameters are determined for some unknown s.
The shock wave and isentropic expansion calculations can be
done for either perfect or real gases; however, the calculations
of this note are confined to the perfect gas case. These values
are used to calculate <f>T(y) from Eq. (6). Then,

fQ

Since, for sphere cones,

r = cos0c + ( s -

4>T(y)dy

- C TT sin0c
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the left side of Eq. (11) can be integrated directly to yield
finally

90 — Bc \9 / 4 9 sin0c f vcos 6C - TT sin0c 1 + —— Jo <t>T(y)dy

(13)
which is easily solved for r and thus s.

The preceding equations were applied to a 15° half-angle
sphere-cone with a 3-in. nose radius at an altitude of 50,000 ft
and a Mach number of 20. Cm was taken equal to 1. Figure 1
shows the variation of boundary-layer edge Mach number
along the body for a perfect gas. The conical value is attained
at an actual surface location of about 79 in. Examination of
Eq. (6) shows that the nose radius effect is simply a multiplica-
tive constant. Thus, if the nose radius is halved, the conical
Mach number is reached at an actual surface location of 36 in.,
a considerable effect. For perfect gas calculations, the alti-
tude effect is also confined to the constant, and changing the
altitude to 100 kft reduces the conical Mach number location
to 59 in., a smaller but still significant change. Thus, as ex-
pected, decreasing the nose radius and increasing the altitude
compound the shock curvature problem.

The effects of the assumption of constant Cm and the varia-
tion of p*/pe over the body were evaluated aposteriori. The
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Fig. 1 The distribution of boundary -layer edge Mach
number along a sphere- cone.
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Fig. 2 The distribution of cold wall turbulent heat-trans-
fer rate along a sphere-cone.

cold wall value of Cm varied less than 25% from the conical
value to that for boundary-layer edge emanation from a nor-
mal shock. The average value was slightly greater than 1.
This variation increased the surface location at which cone
flow began by less than 3%. Evaluating the second term in
the brackets of Eq. (6) caused a decrease of less than 10%
in the surface location at which cone flow was established.
The two effects are of opposite sign for the present case, thus
minimizing their importance. Although the effect of the
present assumptions are not insignificant, it is felt that mean-
ingful results can still be obtained.

The cold wall heat-transfer rate, normalized to that ex-
pected for boundary-layer edge emanation from a normal
shock, is presented in Fig. 2. Although increases of 30 to 40%
in heat-transfer rate are expected for a similar laminar case,1
the turbulent results indicate factors of from 2 to 3. This
effect should be easily discernible (unlike the smaller laminar
effect) in experimental data. Unfortunately, few turbulent
data exist for sphere-cones. The magnitude of the values
herein emphasize the need for such data.
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Improved Calculation of Vacuum
Vertical Trajectories

LEO B. SCHLEGEL* AND PHILIP J. BONOMO*

International Business Machines Corporation,
Bethesda, Md.

Introduction

IN preliminary trajectory analysis, vacuum vertical trajec-
tories are often employed as approximations or limiting

cases. Examples are idealized sounding rocket trajectories,
lunar landing descent paths, limiting minimum time transfers
between coplanar circular orbits, etc. When the over-all
altitude variation for such a trajectory is small, the approxi-
mation of constant gravitational acceleration is usually made
to facilitate calculation of velocity and altitude time histories.
At modest additional effort, however, these calculations can
be based on an inverse-square gravity field and hence made
more nearly exact. The appropriate formulation is a limiting
version of Lambert's theorem for transfer time between two
radii on a Keplerian ellipse, a vacuum vertical trajectory being
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Fig. 1 Vertical trajectory data: earth.

a degenerate case of such an ellipse. This approach is implicit
in both the rectilinear motion equations of Moulton1 and the
derivation of Lambert's theorem given by Battin,2 but is still
somtimes overlooked in current studies.

This note summarizes the simplified Lambert equations for
vertical trajectories in vacuo, and compares typical velocity
and flight time data for constant-0 and inverse-square-gr paths
in earth and moon gravity fields. The altitude range beyond
which a constant-0 approximation yields unacceptable ac-
curacies may thus be estimated.

Equations

Lambert's theorem for transfer time t between initial and
final radii r0 and r on a Keplerian ellipse of semimajor axis a
about gravity center /z is given by (e.g., see Sconzo3)

t = a3/V~1/2[(«- sina) - (0- sin/3)] (1)
where

sin(a/2) = [(r0 + r + c)/^]1'2

sin(/3/2) = [(r0 + r - (2)

and c is chord length between the radius vectors. For a
vertical trajectory specified by initial conditions r0 and r0, c is
simply the (positive) difference between r0 and r, and a is
obtained from solution of the standard vis-viva relation of
orbital mechanics:

r0
2 - M[(2/r0) - (I/a)] (3)

Although these simplifications considerably shorten the
evaluation of (1) and (2), it is often more convenient in prac-
tice to refer all calculations to the zero-velocity point at
"apogee" of the trajectory, and this is the approach to be out-
lined here. Apogee radius ra and the corresponding time
between r0 and ra are usually also of interest in themselves, so
that apogee is a natural choice as reference point. With
apogee established, vertical flight time between r0 and r is
easily obtained as the difference in times between each of these
radii and apogee. Particularly simple forms for (1) and (2)
are available for these calculations. Thus, putting a = ra/2
(perigee radius is zero for a vertical trajectory), r = ra, and
c = ra — ?*o in (1) and (2), the time between r0 and ra is

t = (r0/2)*'2/A-1/2Or - 0 + sin/3)
where sin(0/2) = (r0/ra)1/2

Equations (4), with r0 replaced by r, equally well express the
time between a general r and ra. Finally, introducing a new
variable \f/ = IT — ft in (4), Lambert's equation for the time
between any r and ra reduces to

t =

where cos(^/2) = (r/V0)1/2 (5)

This development is valid for both ascending and descending
trajectories, since the velocity magnitudes and altitude time
histories of each are images about apogee.

Examples

To illustrate one application of (5), Fig. 1 shows the vacuum
vertical transfer time between 100-naut-mile earth altitude
and apogee, as a function of apogee, for an extended range of
sounding rocket altitudes. The corresponding initial velocity
at 100 naut miles to attain the apogee altitudes indicated is
computed from (3) and included for reference. Also shown
are the same time and velocity data based on a constant-0
approximation, where the constant value employed is g at 100-
naut-mile altitude. The errors introduced by constant g are
appreciable for the higher altitudes. For example, beyond
1000-naut-mile apogee, initial velocity and total flight time
errors exceed 1800 fps and 120 sec, respectively; both these
errors are greater than 10% of the true (i.e., nonconstant-0)
values. Of course, some reduction is possible by using for
constant g a value belonging to an intermediate altitude
between start and terminus.

As another example, Eq. (5) and the general form of (3),
with r and r replacing r0 and ro, are used to generate the alti-
tude and velocity time history data of Fig. 2 for a vertical
descent to the moon starting from rest at 200-naut-mile alti-
tude. Such a trajectory approximates a nearly complete
deboost from lunar orbit, followed by a short central angle
descent arc to the start of a braking maneuver at low altitude.
As noted previously, transfer times between intermediate
altitudes can be found by differencing the separate times from
apogee to those altitudes. Comparison with the correspond-
ing constant-0 data (based on lunar g at zero altitude) shows a
difference in final velocity and flight time of about 300 fps and
120 sec, respectively, again more than 10% error. The
constant-gr approximation is thus seen to give about the same
percentage error over a smaller altitude regime for the moon
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Time history of vertical descent from 200 naut
miles to lunar surface.
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than for earth. This follows because of the
centage change in lunar gravitational acceleration compared
to that of earth over a given altitude increment, and points up
the need for special care in applying a constant-^ approxima-
tion for lunar vertical trajectories.
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Rapid Estimation of the Far-Field
in an Axisymmetric Compressible Jet

RICHARD S. ROSIER*
United Technology Center, Sunnyvale, Calif.

IT is of interest to be capable of rapidly estimating the far
field characteristics of free jets. Hence, the somewhat

familiar integral approach, assuming the form of the radial
profiles, has been used.1

Over-all momentum, energy, and mass balances result in
the following equations (assuming that the jet exit static pres-
sure is equal to ambient pressure and that the exit profiles are
flat):
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where c and R are the specific heat at constant pressure and
the gas constant, respectively, and AHC, the heat of combus-
tion per pound of exhaust products, is included to account for
gross effects due to afterburning (J — conversion factor).
The following equations2. 3 for the variation of the half-radius
7*1/2 (radius at which the velocity defect, u — um, is half of
that on the jet centerline),

d

7*1/2——
d

- a\1/3( -T _ /A
5————?)

d I/

» 1

«1

(4a)

(4b)

coupled with radial profiles represented by the Gaussian error
law,

U~ Um = expf- f—V In2l (5)
wm - ^OT L \ri/2/ J

R - R<» c - cra f 1 / r Y , 1
-———„- = ———— = exp - - ( — 1 In2
%m - R«> Cm - COT L ^ \n/2/ J1 m — -/CD

______ (6)
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Fig. 1 Nonisothermal correction factor vs temperature
ratio with n as a parameter.

vield

In2/ r

exp(-C2?2) u —

In2

' » 1 (7a)

(7b)

where C2 = (In2)/Ci2 and £ = r/(x — a). Similar expressions
for the scalar quantities in Eq. (1) result, except for the n,
which accounts for the more rapid spread (i.e., n > 1) of the
scalar quantities as compared to the momentum spread in
free jet flow. It is to be noted that n is the reciprocal of. the
turbulent Prandtl number.

Because of space limitations, only case a for the velocity
defect u — Ua> much larger than the freestream velocity £/«
will be considered herein. Further results may be found in
Ref. 1.

Substituting Eq. (7a), together with its scalar counter-
parts, into Eqs. (1-3), using the perfect gas law, rearranging,
and integrating gives [neglecting the square of um/(um —
um) compared to unity in the energy equation] the following:

Momentum

(C*/2)(RmTm/ReTe)
)11</2 c

[r
Energy

where

A
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